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Doped Silicon Quantum Dots as Sources of Coherent Surface Plasmons
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In the present work, we propose using doped Silicon Quantum Dot (SiQD) as a source of coherent
surface plasmons (SPASER). The possibility of spasing in single SiQD is investigated theoretically
utilizing full quantum mechanical treatment. We show that spasing can take place in doped SiQDs
whenever Quality factor of a plasmon mode exceeds some minimum value. The minimum value
depends on size and doping concentration of SiQDs. It can be used to design an optimum structure
as SPASER in silicon technologies. The condition on Quality factor is translated to a condition for
radius and it is shown that for a given Localized Surface Plasmon (LSP) mode, the radius should
be less than some critical value. This value only depends on mode index. The required relations
for design purposes are derived and, as an example of feasibility of the approach, a SPASER is
designed for mid infrared. Moreover, we propose a more applicable device by arranging an array of
doped SiQDs on top of a graphene layer. Coupling the Surface Plasmon Polariton (SPP) modes of
graphene with LSP modes of SiQDs causes outcoupling of an intense ultra narrow beam of coherent
SPPs to be used in real probable applications.
PACS numbers: 73.20.Mf, 42.50.Nn
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I. INTRODUCTION
Coherent surface plasmon generation has been a topic
of interest in plasmonics field since the introduction
of SPASER (Surface Plasmon Amplification by Stimu-
lated Emission of Radiation) in 2003 by Bergman and
Stockman.1 The inventors showed that in some correctly
tailored plasmonic structures, stimulated surface plas-
mons can be generated. SPASER can break the well
known diffraction limit of light which is a bottleneck in
laser technology. Since the introduction of SPASER, a
number of researchers around the world have been fo-
cusing on its experimental and theoretical investigation.
The first claimed experimental realization of SPASER
dates back to 2009 in a paper reported by Noginov et
al.
2 The authors experimentally showed that an aque-
ous solution of gold nanoparticles surrounded by dye-
doped silica shells can behave like a SPASER. In 2010,
Stockman treated the SPASER by a two level model
and claimed that spasing action has only a quantum me-
chanical description.3 In 2013, Zhong et al. proposed a
semiclassical approach for describing SPASER.4 In the
same year, Dorfman et al. introduced a more control-
lable SPASER by its three level modeling.5 Many other
works are found in the literature that concern different
aspects of SPASER.6–16
In some ways, the SPASER acts like a laser. A device
could be a SPASER if it consists of at least two main
parts, a media that supports plasmonic modes and an
active medium. Carrier down transition or LSP radia-
tion in an initially pumped active medium is stimulated
by inherently large positive feedback mechanism which
is a consequence of LSP’s intense near field. Outer en-
ergy supplies could be optical, electrical, chemical, or any
other typical pumping systems that are used in laser, too.
Optical researches have interest to generate light from
silicon. The indirect bandgap of silicon makes this mate-
rial impossible to interact with photons directly. It has
been shown that doped SiQDs have LSP modes.17–19 In
the present paper, we claim that under some conditions
a single doped SiQD could be a SPASER alone. Our as-
sertion is based on the fact that a doped SiQD can take
both the role of an active medium and an LSP supporter.
The realized SiQD SPASER will have the advantage of
its compatibility with silicon industries and capability of
integration with silicon-based platforms.
In this paper, we also use graphene as a media for prop-
agating SPP modes. Graphene is a recently invented 2D
material which is synthesized by a 2D arrangement of
carbon atoms in a honeycomb lattice.20,21 This material
has excelent properties in multiple fields among which
is plasmonics. Graphene has got a propagation length,
lateral mode confinement, and lifetime, an order of mag-
nitude larger than metals which are the most common
materials in plasmonics area. In our work, graphene will
be used to extract the energy of spasing LSP modes for
external applications. Our proposed structure is shown
in Fig. 1 . The structure consists of an array of doped
SiQDs on top of a graphene sheet which is embodied in a
SiO2 matrix. The graphene sheet is used for outcoupling
of energy of coherent plasmons for real applications.
The paper is organized as follows. We first investi-
gate the possibility of spasing in a single separated doped
SiQD in the next three ongoing sections. So, in sec-
tions II, III, and IV, with system we mean a single doped
SiQD. Section II is about the subject of quantizing the
LSP Hamiltonian of system. In section III, the required
quantities in active medium are derived, and section IV
concludes the possibility of spasing in single doped SiQD.
Finally, in section V, the whole structure is discussed and
simulated numerically.
2FIG. 1. (Color online) The structure used in this paper.
SiQDs and graphene are sketched in gold and black, respec-
tively. The graph is not shown in scale. All the structure is
embodied in a SiO2 matrix.
II. LSP HAMILTONIAN
This section includes two parts. In the first part, LSP
modes of a single doped SiQD is derived and the second
part is devoted to calculating the quantized Hamiltonian
of LSP field.
A. LSP modes of a single doped SiQD
In this paper, Drude model is used for describing the
dielectric constant of doped silicon. So it can be written
as
ǫs(ω) = ǫ∞ −
ω2p
ω(ω + iΓ)
, (1)
where ωp, ǫ∞, and Γ are Silicon’s bulk plasma frequency
and dielectric constant, and carrier’s relaxation rate, re-
spectively, and we have ω2p =
Ne2
ǫ0m∗
, where N , e, ǫ0, and
m∗ are doping concentration, elementary charge, vacuum
permitivity, and carrier’s effective mass, respectively. It
is worth mentioning that, along the paper, the physicist’s
convention exp(−iωt) is used for all time dependencies.
LSP modes of a single doped SiQD with radius r0
can be derived with a good accuracy by considering it
as a quasi-electrostatic problem because discussed wave-
lengths are much larger than the maximun feature size
of the system in hand. In the quasi-electrostatic limit,
LSP modes are independent solutions of Laplace equa-
tion, ∇2Φlm(r, θ, φ) = 0, where l and m are mode in-
dices. Utilizing the spherical symmetry of the problem,
LSP modes could be written in the following form,
Φlm(r, θ, φ) =


(
r
r0
)l
Y ml (θ, φ) r ≤ r0,(
r
r0
)−(l+1)
Y ml (θ, φ) r > r0,
(2)
where Y ml ’s are spherical harmonics. Applying per-
pendicular electric displacement continuity condition at
r = r0 yields the following relation,
S(ωlm − iγ
′
lm) = 0, (3)
where ωlm and γ
′
lm are lm’th mode’s eigen-frequency and
damping rate, respectively, and
S(x) = lǫs(x) + (l + 1)ǫa(x). (4)
ǫa stands for ambient (where in our case is SiO2) dielec-
tric constant. In the low damping regime, γ′lm ≪ ωlm,
the solutions of complex equation Eq. (3) are best ap-
proximated by the following two relations,
ωlm ≃
√
gl(N)− Γ2 ≃
√
gl(N), (5)
γ′lm ≃
gl(N)Γ
2(gl(N)− Γ2)
≃
Γ
2
, (6)
where
gl(N) =
lω2p
lǫ∞ + (l + 1)ǫa
. (7)
Quality factor of modes is defined as Qlm = ωlm/2γ
′
lm
and a simple substitution leads to
Qlm ≃
√
gl(N)
Γ(N)
. (8)
In the above relation, we emphasize the doping depen-
dency of carrier damping rate by explicitly writing it, but
,for simplicity, it is treated as a constant during this pa-
per. Solutions of Eq. (3) and consequently Eqs.(5) and
(6) apparently do not depend on the choice of mode index
m. Therefore, for a fixed value of l, there exits 2m + 1
degenerate LSP modes. So for simplicity, throughout the
paper, sometimes the indexm is omitted from the related
quantities.
For the case of P-doped SiQD, using the parameter val-
ues listed in Table. I , the following approximate relations
could be utilized for design purposes,
ωlm = 1.11× 10
5
√
N [cm−3]
16 + 4.5/l
, (9)
λlm[µm] = 1.7× 10
10
√
16 + 4.5/l
N [cm−3]
, (10)
where λ is LSP wavelength. Throughout the paper, all
the quantities are assumed to be measured in SI unit
system unless the unit is emphasized in a bracket next to
the related quantity.
B. Quantization of LSP Hamiltonian
A general solution for electrostatic potential can be
written as a linear combination of all LSP modes,
Φ(r, θ, φ) =
∑
lm
ClmΦlm(r, θ, φ) exp(−iωlmt)+c.c., (11)
3TABLE I. Physical parameters which are used in this paper.
In this table me stands for electron mass.
Quantity Value Unit
ǫ∞ 11.5 –
ǫa 4.5 –
m∗e 0.26 me
m∗h 0.37 me
Γ 4.5× 1011 − 1013 rad/s
Γpq 16 meV
EGSi 1.1 eV
EGSiO2 8.9 eV
∆Ec 3.4 eV
∆Ev 4.4 eV
where Clm’s are combination constants and c.c. stands
for complex conjugate of previous terms. Electric field
can also be written in the same way,
E(r, θ, φ) =
∑
lm
ClmElm(r, θ, φ) exp(−iωlmt)+c.c., (12)
where, Elm = −∇Φlm.
For quantizing the LSP field, electrostatic energy has
to be derived,22
Ee =
1
2
∫
∂(ωǫ)
∂ω
E ·E d3r. (13)
If Eq. (12) is substituted in Eq. (13), the following result
is obtained,
Ee =
∑
lml′m′
ClmCl′m′e
−i(ωlm+ωl′m′ )tI1 (14)
+ClmC
∗
l′m′e
−i(ωlm−ωl′m′ )tI2 (15)
+C∗lmCl′m′e
i(ωlm−ωl′m′)tI3 (16)
+C∗lmC
∗
l′m′e
i(ωlm+ωl′m′)tI4, (17)
where
I1 =
1
2
∫
∂(ωǫ)
∂ω
Elm ·El′m′ d
3r, (18)
I2 =
1
2
∫
∂(ωǫ)
∂ω
Elm ·E
∗
l′m′ d
3r, (19)
I3 =
1
2
∫
∂(ωǫ)
∂ω
E
∗
lm ·El′m′ d
3r, (20)
I4 =
1
2
∫
∂(ωǫ)
∂ω
E
∗
lm ·E
∗
l′m′ d
3r. (21)
Tedious manipulations lead to the following results,
I1 = I4 =
r0
2
(−1)mδll′δm,−m′A(ωlm), (22)
I2 = I3 =
r0
2
δll′δmm′A(ωlm). (23)
where
A(ωlm) =
∂
∂ω
{ωS(ω)}ω=ωlm . (24)
Substitution of Eqs. (22) and (23) into Eq. (13) and av-
eraging over time lead to
Ee =
∑
lm
r0
2
A(ωlm) (C
∗
lmClm + ClmC
∗
lm) . (25)
Total energy is twice the average electrostatic energy so
E =
∑
lm
r0A(ωlm) (C
∗
lmClm + ClmC
∗
lm) . (26)
LSP Field quantization is obtained by changing coeffi-
cients to the ladder operators by the following rule,
Clm → γlmaˆlm, (27)
C∗lm → γlmaˆ
†
lm, (28)
where aˆlm and aˆ
†
lm are annihilation and creation opera-
tors of lm’th mode which follow bosonic algebra and the
following definition is made,
γ2lm =
~ωlm
2r0A(ωlm)
. (29)
The resulted quantized Hamiltonian is in the form of har-
monic oscillator,
HˆLSP =
∑
lm
~ωlm
2
(aˆ†lmaˆlm + aˆlmaˆ
†
lm). (30)
The operators of electrostatic potential and electric field
also can be obtained by simply using Eqs.(27) and (28)
in Eqs.(11) and (12),
Φˆ(r, θ, φ; t) =
∑
lm
γlmΦlm exp(−iωlmt)aˆlm +H.c.,(31)
Eˆ(r, θ, φ; t) =
∑
lm
γlmElm exp(−iωlmt)aˆlm +H.c.,(32)
where H.c. means hermitian conjugate of previous terms.
Until now, the results are general and do not depend on
what model we use for describing permittivity of doped
Si, but if the specific form of ǫs(ω), from Eq. (1), is sub-
stituted in γlm the following result is obtained,
γ2lm =
~
4ǫ0ω2p
ω3lm
r0l
. (33)
III. SiQD AS AN ACTIVE MEDIUM
According to Table. I, the barrier height in SiQD is
large enough to approximate it as an infinite well spher-
ical quantum dot. Solving Shro¨dinger equation leads to
the following wavefunctions,15
ψkns(r, θ, φ) =
{
Bnk jn
(
xnk
r0
r
)
Y sn (θ, φ) r ≤ r0,
0 r > r0,
(34)
4where xnk is the k’th zero of the n’th order spherical
Bessel function of the first kind, jn, and
Bnk =
(
2
r30 [jn+1(xnk)]
2
)0.5
(35)
is a normalization constant. Energy eigenvalues can be
calculated by the following formula,
Ekns =
~
2x2nk
2m∗r20
. (36)
The important quantities in active medium, which are
involved in interaction Hamiltonian, are dipole matrix
elements. It is straight forward to compute these quanti-
ties by using Eq. (34). Calculation leads to the following
relation for dipole matrix element dpq between general
levels p = nks and q = n′k′s′,
dpq = −rˆδnn′δss′er0fnkk′ , (37)
where f is a dimensionless parameter which is indepen-
dent of the choice of geometry,15
fnkk′ =
2
jn+1(xnk)jn+1(xnk′ )
∫ 1
0
r3jn(xnkr)jn(xnk′r) dr.
(38)
For design purposes, r0 should be designed such that
there is a p ↔ q transition that is getting close to reso-
nance with one of LSP modes, say l = L. The numer-
ical calculations in the rest of the paper are based on
|ψ10s〉 ↔ |ψ20s′ 〉 transitions. The result of calculation of
f012 for this case becomes 0.180128. In this case if zero of
energy is chosen such that to coincide with the middle of
two levels in resonance, the approximate active medium
Hamiltonian in the second quantized form would be23,24
Ha =
~ω0
2
σˆz , (39)
where
σˆz = cˆ
†
q cˆq − cˆ
†
pcˆp, (40)
ω0 =
Eq − Ep
~
. (41)
In the above relations σˆz, cˆj , cˆ
†
j are pseudo-spin operator,
fermionic annihilation and creation operators of j’th level
(for j = p, q), respectively. Furthermore, it is assumed
that Eq > Ep, without loss of generality.
IV. SPASING IN A SINGLE DOPED SiQD
For the rest of the paper, we suppose that only those
LSP modes with l = L are in near resonance with ~ω0
transition with dpq = d rˆ and so the interaction Hamil-
tonian can be written as,23,24
HI =
L∑
m=−L
~ΩLm
(
aˆ†Lmσˆ− + σˆ+aˆLm
)
, (42)
where ΩLm = −dpq · ELm/~ is Rabi frequency and
σˆ− = cˆ
†
pcˆq, (43)
σˆ+ = cˆ
†
q cˆp, (44)
are ladder operators. Rabi frequency is a measure of
interaction strength. Using electric field from Eq. (32) in
Rabi frequency results the following relation,
ΩLm =
dγL
r0~
Y mL (θ, φ). (45)
The condition for spasing has been derived in Ref. 3 and
for near resonance circumstances it simplifies to the fol-
lowing inequality condition,
L∑
m=−L
|ΩLm|
2
≥ γ′LΓpq, (46)
where Γpq is polarization relaxation rate of ~ω0 transi-
tion. By substituting Eq. (45) into Eq. (46) and some
computations the following relation is obtained,15
πd2ω3L
3VQD~ǫ0ω2p
≥ γ′LΓpq. (47)
where VQD is SiQD’s volume. This relation can be trans-
lated to the neat form, QL ≥ QLmin, where
QLmin =
3~VQDǫ0ω
2
pΓpqL
2πd2ω2L(2L+ 1)
. (48)
It is seen that QLmin is capable of engineering because it
depends on SiQD size and doping concentration through
ωp. This result can be compared with Ref. 15 where the
SPASER is made by a spherical graphene shell and an
array of Quantum Dots (QDs) around it. The present
SPASER has two main advantage over it, which are in-
tegration capability with silicon platforms and simplicity
of fabrication.19 Design parameters of the present work
include SiQD’s size and doping concentration in compar-
ison to that work which were QD’s size and array density
and graphene sphere’s radius. For Numerical purposes,
it can be shown that
QLmin = 5.451× 10
7 16L+ 4.5
2L+ 1
r0. (49)
From the aforementioned relations, a simpler design con-
dition is obtained, r0 ≤ r0c, where
r0c = 2.283× 10
−8
(
2L+ 1
16L+ 4.5
)1/3
. (50)
So, the required relations for design have already been
derived and for compactness are listed below,
N [cm−3] = 2.89× 1020
16 + 4.5/L
(λL[µm])2
, (51)
r0[nm] = 1.871
√
λL[µm], (52)
r0c[nm] = 22.83
(
2L+ 1
16L+ 4.5
)1/3
. (53)
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FIG. 2. (Color online) Extinction cross section of a single
doped SiQD normalized to its geometrical cross section, πr20.
For an example we could have a SPASER that radiates
at λ = 3µm by L = 1, N = 6.58 × 1020 cm−3, r0 =
3.24 nm, and r0c = 12.03 nm, which are typical values in
fabrication technologies.
V. NUMERICAL RESULTS AND DISCUSSIONS
As it is mentioned in section I, the whole structure
consists of an array of doped SiQDs on top of a sheet of
graphene. Until now, the response of a single separated
doped SiQD is assessed. Arranging doped SiQDs in an
array and also coupling to the SPP modes of graphene
sheet cause the LSP eigen-frequencies to be split and
shifted. Furthermore, we expect a large field enhance-
ment in the gap between SiQDs and graphene due to the
constructive interference. SPP modes have a traveling
wave character. So, this specific structure helps outcou-
pling of the spasing mode energy for real applications,
just the same as what is done in laser by using imperfect
mirrors for cavities.
Fig. 2 compares the extinction cross section of a sin-
gle separated doped SiQD with r0 = 3.24 nm and N =
6.58× 1020 cm−3 calculated from theory and Finite Dif-
ference Time Domain (FDTD) simulations. Theoretical
extinction has been derived by the following formula,25,26
Cext = Csca + Cabs, (54)
where scattering and absorption cross sections are calcu-
lated by
Csca =
8π
3
k4Lr
6
0
∣∣∣∣ ǫs − ǫaǫs + 2ǫa
∣∣∣∣
2
, (55)
Cabs = 4πkLr
3
0Im
[
ǫs − ǫa
ǫs + 2ǫa
]
, (56)
and where kL is ambient wavenumber of L’th mode. The
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FIG. 3. (Color online) Absorption spectrum of the SiQD array
which sits in a distance of 4 nm on top of a graphene sheet
with EF = 0.8 eV and scattering rate of 0.11meV.
good agreement between theory and simulation verifies
the accuracy of our analysis.
The whole structure is illuminated by a normally in-
cident plane wave. The SPP modes of graphene can not
couple to this wave directly. But, for the efficient cou-
pling between SPPs and the spasing LSP, array’s period
(Λ) could be chosen such that the first order diffracted
wave coincides with an SPP mode in LSP wavelength,
2π/Λ = kSPP(λL), where kSPP(λL) satisfies the following
implicit equation,
1√
k2SPP − ǫak
2
L
=
σ2D(ωL)
2iωLǫaǫ0
. (57)
The calculated period for λL = 3µm is Λ = 18.833 nm.
The simulated absorption spectra for this choose of pa-
rameters is shown in Fig. 3 . This figure exhibits two
main peaks. The coupling of SPP and LSP is respon-
sible for the sharper peak around 2.94µm. The second
peak around 3.47µm indicates a higher order LSP mode.
It can be seen from this figure that the 3µm designed
wavelength for single SiQD is slightly blue-shifted due to
the coupling nature. The electric field distribution for
SPP and LSP peaks are shown in Fig. 4(a) and (b), re-
spectively. Apparently, LSP mode has been coupled to a
SPP mode in Fig. 4(a) but the distribution in Fig. 4(b)
is mostly localized.
VI. CONCLUSION
In summary, we have claimed that correctly designed
doped SiQDs can have some spasing modes. The inspira-
tion behind that is the existence of LSP modes in doped
SiQDs. Because a single doped SiQD can take both the
role of active medium and LSP supporter, there must be
some conditions under which the system can spase. We
6FIG. 4. (Color online) Electric field magnitude distribution on graphene for (a) the first and (b) the second resonance occurred
in Fig. 3. Apparently in the case of (a) the energy of LSP mode has outcoupled from SiQDs and starts to propagate along
graphene. For visual convenience, outlines of SiQDs have been sketched in red.
have analyzed the structure thoroughly using full quan-
tum mechanical treatment and derived the required con-
ditions for spasing. We have shown that by appropri-
ately choosing the SiQD’s size and doping concentration
a SPASER could be designed for a given wavelength. We
have also explained how to choose the array period for
efficient outcoupling of spasing energy from SiQDs. Dur-
ing the paper, a SPASER has been designed at λ = 3µm
and the results have been verified by using the FDTD
simulations.
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